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Abstract 



We present rules for rewriting SO(IO) tensor and spinor invariants in terms of 
invariants of its "Pati-Salam" maximal subgroup (SU(4) xSU(2)l x SU(2)j^) 
supplemented by the discrete symmetry called D parity. Explicit decomposi- 
tions of quadratic and cubic invariants relevant to GUT model building are 
presented and the role of D parity in organizing the terms explained. Our rules 
provide a complete and explicit method for obtaining the "Clebsch-Gordon" 
Coefficients for SO{W) <-> Gps in a notation appropriate for field theory 
models. We illustrate the usefulness our methods by calculating previously 
unavailable mass matrices and couplings of the SU (2) l doublets and SU (3)c 
triplets in the minimal Susy SO(IO) GUT which are essential to specify the 
phenomenology of this model. We also present the bare effective potential 
for Baryon number violation in this model and show that it recives novel 
contributions from exchange of triplet Higgsinos contained the in "neutrino 
mass" Higgs submultiplets 5]i26(10, 1,3). This further tightens the emerging 
connection between neutrino mass and proton decay. 

I. INTRODUCTION 

The virtues of SO(IO) supersymmetric GUTs [1]- [7] are now widely appreciated. SO(IO) 
has the cardinal virtue of exactly accommodating, within a single (16 dimensional) irrep, 
the 15 chiral fermions of a Standard Model family plus the right handed neutrino, which 
now has a strong claim to inclusion in any fundamental theory since neutrino masses are 
an inalienable part of particle phenomenology [8,9]. Thus the seesaw mechanism [10,11] 
finds a natural home in SO(IO). Moreover SO(IO) provides an appealing rationale for the 
parity breaking manifest in the Standard model by linking it to the breaking of Left-Right 
symmetry which embeds naturally in SO(IO) via its Pati-Salam [12] maximal subgroup 
Gps = SU (4) X SU (2) L X SU(2)j^ ( More precisely Gps x D, where D is the so called D 
parity [13,14]). 

There are, however, two contending points of view regarding the type of Higgs fields 
that should be used. Specifically, the question is whether [1]- [6], or not [7], large tensor 
representations like the 126 may be legitimately employed in view of their strong effect on 
the SO(IO) beta function above the GUT scale and the difficulty of obtaining them from 



*Email: aulakh@pu.ac.in 



1 



string theory. In supcrsymmetric models of the first type (which employ a "rcnormalizable 
see-saw mechanism" based on even B-L Higgs multiplcts lying within thc 126 Higgs) the 
crucial R/M-parity of the MSSM becomcs a part of the gauge symmetry and demonstrably 
survives symmetry breaking [6], [15]- [18]. In the alternative viewpoint [7] the use of SO{10) 
spinorial 16, 16 plet Higgs is advocated with nonrenormahzable couphngs providing the 
effcctivc 126 dimensional operators needed for giving a large Majorana mass to the right 
handed neutrino. Other ad hoc symmetries are employed to play the role of R/M-parity 
which is strongly broken, obhterating the distinction between Higgs and sfermion scalars in 
the fundamental theory. This approach has the virtue of smaller threshold effects at the GUT 
scale and moreover the theory does not necessarily become asymptotically strong very close 
to the scale of perturbative Grand Unification. On the other hand it has rccently bccn argued 
[19,20] that the explosion in the gauge coupling constant just above the GUT scale, due to the 
inclusion of Higgs multiplets adequate to achieve realistic tree level matter mass spectra, is in 
fact the flag of a new type of U V strong dynamical GUT symmetry breaking due to formation 
of SM singlet condensates , which can be analysed (since Mout — Mu » Msusy — Mg), 
using the methods (based on holomorphy of F-terms) developed by Scibcrg and others [21] 
for supcrsymmetric gauge theories. In either type of theory knowledge of the Clebsch-Gordon 
coefficients for SO(IO) or equivalently the ability to break up SO(IO) invariants into those 
of its subgroups Gp5, D Glr, D G123 is essential. 

In previous work [2,6,16,17,22] it was shown that in supcrsymmetric theories the re- 
stricted form of the superpotential can leave Renormalization Group (RG) significant mul- 
tiplets with only intermediate or even light masses. Thus a proper RG analysis of Susy 
GUTs should make use of the actual mass spectrum of the model in question rather than 
the spectrum conjectured on the basis of the survival principle. To implement this program 
it is necessary to formulate the matching conditions for the couplings of the various mass 
multiplets at succcssivc symmetry breaking and mass thresholds of the theory. Since the 
low energy theory is based upon a unitary gauge group whereas the ultimate determinant 
of coupling constant rclations is thc ovcr lying SO(IO) gauge symmetry it is necessary to 
write the SO(IO) invariants in terms of properly normalized fields carrying the unitary niax- 
imal subgroup labels. The initial work on the minimal Susy GUT based on the 210-plet of 
SO(IO) [2,3] was foUowed by an analysis of some of the SO(IO) Clebsch-Gordon coeffcients 
in [23,24], which, however, could yield only incomplete results. The maximal subgroups 
of SO(IO) are SU{b) x U{1) and the Pati-Salam Group SU{A) x SU{2)l x SU{2)r which 
is isomorphic to the SO{Q) x 50(4) subgroup of 5*0(10). Very recently [26] the explicit 
forms of the SO(IO) invariants of representations (with dimensions upto 210) were given in 
terms of SU{5) x f/(l) labels using the so called oscillator basis [28] to effect the conversion. 
This rewriting, besides suffering from a certain lack of transparency (due precisely to the 
LR asymmetric nature of the embcdding of SU{5) x U{1)), is quite inappropriate for LR 
symmetric breaking chains. Thus it is necessary to obtain the invariants in terms of the PS 
subgroup separately. Moreover our results may be reassembled into SU (5) x U{1) invariants 
and can serve as an alternative derivation and cross check. 

Furthermore, a discrete symmetry closely related to Parity [13], namely the so called 
D-parity, is important and useful in studying the possible symmetry breaking chains in 
SO(IO) GUTs [6,14,29]. In the decomposition of SO(IO) invariants into PS invariants D- 
parity proves valuable for organizing and cross checking relative signs in our expressions. 
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Wc havc developed explicit rules for the action of D-parity on all fields according to their 
(SO(IO) tensor or spinor) origin and their PS labcls. 

Although the necessary basic tools have long existed (in somewhat imphcit form) in 
the work of Wilczek and Zee [27] no exphcit results are available. Moreover we disagree 
with [27] regarding the exphcit form of the possible Charge conjugation matrices to be 
used for S0(2N) spinorial reprcscntations. Indeed it is only aftcr making the necessary 
corrections that the translation 5*0(10) ^ Gps becomes fcasiblc and transparcnt. Therefore 
we have attempted to fiU the long standing lacuna and provided rules for the translation 
from SO(IO) labels to the PS unitary subgroup labels. Our results immediately allow us to 
derive the mass matrices of certain SU{2)l doublets and SU (c) c triplets which are crucial 
to specifying the low energy effective theory as the MSSM and to derive the bare effective 
potential describing the most distinctive signaturc of GUTs namely Baryon violation. This 
unveils a new contribution to baryon decay mediated by colour triplets contained in the 
PS "neutrino mass " decuplet-triplets : Ei26(10, 1,3) and further strengthens the likely 
link between Baryon violation and neutrino mass that surfaced post-Super Kamiokande 
[30]. The calculation is performed in the contcxt of the rccently revived [25,34] "minimal 
supersymmetric GUT" [2,3,23,24] based on the 210-plet Higgs which was proposed more 
than 20 years ago [2,3] but still lacked the coupling coefficients we have provided and which, 
to our knowledge , are not easily and explicitly obtainable by any other method. 

In Section II we introduce our notation and the embedding of S0(6)x S0(4) in SO(IO) 
and define D-parity on tensor representations. We then show how to rewrite invariants 
formed from S0(6) tensor irreps in terms of SU(4) labels, and similarly for S0(4) invariants 
to SU(2)l X SU(2)j^ labels. In Section 111 we implement these rules on some tensor invariants 
to illustrate the procedures for translating from SO(IO) to Gps- However, since an exhaustive 
listing of invariants is both exhausting to produce and counterproductive as regards actual 
utility for users of these techniques, we have instead provided an Appendix where we coUect 
useful S0(6) and S0(4) contractions translated to unitary form. This collection permits 
easy computation of SO(IO) invariants formed from any tensor rcprcscntation of dimension 
< 210. In Section IV, V we perform the same tasks once spinor representations are included. 
In Section VI we apply our results to compute the phenomenologically crucial Electroweak 
doublet and Colour triplet mass matrices in the minimal Susy SO(IO) GUT of [2,3,24,25]. 
We also calculate explicitly the bare effective superpotential for Baryon number violation in 
this model . We conclude with some remarks on future directions. 

II. SO(IO) ^ SO(6) X SO(4) - Gps 

The PS subgroup SU(4) xSU(2)l x SU(2)j^ C SO(IO) is actually isomorphic to the obvi- 
ous maximal subgroup S0(6) x S0(4) C SO(IO). The essential components of the analysis 
are thus explicit translation between S0(6) and SU(4) on the one hand and S0(4) and 
SU(2)i X SU(2)j^ on the other. Our notations and conventions follow those of [27] wherever 
possible. Wherever feasible we repeat definitions so that the presentation is self contained. 
A crucial difference with [27] concerning the explicit form of the charge conjugation matri- 
ces for spinor representations of orthogonal groups will however emerge in the section on 
spinors. 

We have adopted the rule that any submultiplet of an SO(IO) field is always denoted by 
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the same symbol as its parent field, its identity being cstablished by the indices it carries or by 
supplcmcntary indices, if necessary. Our notation for indices is as follows : The indices of the 
vector representation of SO(IO) (sometimes also S0(2N)) are denoted by i, j = 1..10(2A^). 
The reaZ vector index of the upper left block embedding (i.e. the embedding specified by the 
breakup of the vector multiplet 10 = 6 + 4) of S0(6) in SO(IO) are denoted a,b — 1, 2. .6 and 
of the lower right block embedding of S0(4) in SO(IO) by a,j3 = 7,8,9, 10. These indices 
arc complexified via a Unitary transformation and denoted by a.b = 1, 2, 3, 4, 5, 6 = 'p, JJ* = 
1, 1*, 2, 2*, 3, 3* where 1 = 1,2 = 1* etc. Similarly we denote the complexified versions 
of a,(3 hy a,(3 = 7,8,9,10. The indices of the doublet of SU(2)l(SU(2)j^) are denoted 
a, /3 = 1, 2 (d, /3 = i, 2). Finally the index of the fundamental 4-plet of SU (4) is denoted by 
a (lower) /i,!/ — 1, 2, 3, 4 and its upper-left block SU(3) subgroup indices are p,,P — 1, 2, 3. 
The corresponding indices on the 4* are carried as superscripts. 

A. SO(6) < — > SU(4) 

Vector/ Antisymmetric: The 6 dimensional vector representation of S0(6) denoted 
by V^(a = 1, 2, .., 6) transforms as 

v; - iexp'-uj'''Ja)abVb (1) 
where the Hermitian generators Jcd have the explicit form 

{Jcd)ef = —iScleSfld (2) 

and thus satisfy the S0(6) algebra (square brackets around indices denote antisymmetriza- 
tion) 

[Jcd: Jefl = i^e[cJd\f " i^f[cJd]e (3) 

It is useful to introduce complex indices a, 6 = i...6 by the unitary change of basis 

(4) 



Va = UaaVa, U = X I, , ^2 = ^ 



1 i 
1 -i 



so that VaWa = VaWa*. The decomposition of the fundamental 4-plet of SU (4) w.r.t. 
SU(3)xU(1)b_l is 4 = (3,1/3) © (1,-1). The index for the 4 of SU(4) is denoted by 
// = 1,2,3,4 while ft = 1,2,3 label its SU(3) subgroup. In SU(4) labels, the 6 of S0(6) 
is the 2 index antisymmetric V^^, and decomposes as 6 = V^(3, — 2/3) © (3,2/3) and 
we idcntify V^4 = V^, V^p = e^^^^V^*. In othcr words, if one defines = O^^Va with 
= ^p.: '^p.p = ^/ii^A^f*, then since O^j^Oa^ = <^fiiyXa it follows that the translation of S0(6) 
vector index contraction is {W" = {l/2)e'^''^''Vxa) 

VaWa = le^'^^^V^^W^, = Iv^'^W^, (5) 
while VaW: = ^V,.W;, (6) 
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Rcprcscntations carrying vcctor indices a, b... arc then translated by replacing by each vector 
index by an antisymmetrized pair of SU (4) indices iiii^i, 112^^2 For example 

4 ,D , _ AH//2M3Al4,!^l!^2f3i^4 4 D ('T) 

while AabB*, = 2-^A^,^,,,,,,Bl^^^,^,^ (8) 

Antisymmetric/Adjoint: The 15 dimensional antisymmetric representation Aab of S0(6) 
translates to the adjoint 15 Ai,^ of SU(4): 

^i/'* — ■^Xa,pv — ~A^^j ; A^^^pcr = +€x^u[pA^j^ (9) 

The parameters (Vab of S0(6) are identified with those of SU(4) {9"^, A — 1...15) 

O^ab ^ < = ie^{X^),'' (10) 

Where X'^,A = 1..15 are the Gellmann matrices for SU (4) and the group element in in the 
fundamental is exp{ ^^ ^ ). We define 

>l/ = ^(AV^^ (A^)/^A^, (11) 

Note that tracelessness A^'^ = O is ensured by antisymmetry of A^^^^a and symmetry of e^"^"^ 
under interchange of index pairs /lu and Xa. The normalization relation 

= ^((A^)/)*(A^)/ (12) 

foUows if Aab, A^ are of unit norm : 

{Aab,A,,)=Sa[cSd]b ; {A^,A^)=5^^ (13) 

We denote the trace over S0(6) vector indices a,b ... by "Tr" and over the SU(4) fundamental 
index ij,i>... by "tr". Then 

TrAB = AabBba = = 2trAB 

TrABC = -trA[B, C] (14) 

A notable point is that the invariant 6 index totally antisymmetric tensor of S0(6) leads to 
a distinct SU (4) invariant involving the anti- commutator. 

eabcd.}AabB,aCef = -Si(trA{B, C}) (15) 

Symmetric traceless (20) /4 index mixed: The 20 dimensional symmetric traceless rep- 
resentation Sab of S0(6) which has normalization 

{Sab,S,a) = 5l5%-\5'''5^ (16) 
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appropriatc to a traceless field translates to S^,y^xa = S\a^^i, with the additional constraint 
(corresponding to tracelessness on S0(6) vector indices) 

^e'^'^'^V.A. = 5aa = O (17) 

The normalization condition translates to 

{S,.M. Ses,e,) = 5f,55?[e^;] + ^E^pI^^^^i - l^'^^^^^ese, (18) 

3 Index Antisymmetric (Anti) Self Dual/Symmetric 2 index: The invariant tensor 

eabcdef oi S0(6) allows the separation of the 3 index totally antisymmetric 20-plet T^bc of 
S0(6) into self dual and anti-self dual pieces T^^^ = ±7;=^^ where the S0(6) dual is defined 



as 



1 

Tabc — —^^^abcdefTdef (19) 

TabciTabc) translate into the 2 index symmetric 10(r^^) (TO(T'"')) of SU(4) via 

TpA"^ ^ rp— ixk\'k vpcrd (^^\ 

^/i^p(9,75 = ^[Ajlpf!/]6»l7(5 (22) 
'^Kx!ep,aS — ^iJ.KX[a^S]uep (23) 

Note that to preserve unit norm one should define 

rp± Tgbc ^ Tgbc {0A\ 

abc — ^ V^^J 

The normalization conditions that foUow from unit norm for Tabc '■ 

{TabcTa'b'c') = ^la'^b'^l'] (25) 

are 

(T;.,7A.) = 5f,5:) = (T'^T'^'^) (26) 

So that T^^(no sum) has norm squared 2 while T^^{ii ^ v) has norm one. 
One has the useful identity : T^cT^bc = 6 7),^ T'"" 

B. S0(4) ^ SU(2)l X SU(2)j^ 

Vector/Bidoublet 

We use early greek indices a, /9 = 7, 8, 9, 10 for the vector of S0(4) corresponding to 
i, j — 7.. ..10 of the 10-plet of SO(IO). The Hermitian generators of S0(4) have the usual 
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S0(2N) vector representation form : {Jap)js ~ ~^^aij^s]p- 

The group element is R — exp^uj'^^ J ^p. The generators of S0(4) separate neatly into self- 
dual and anti-self- dual set s of 3, J^^ = \{Jaj3 ^ --^a/s)- Then if a, (3 — 1, 2, 3 the generators 
and parameters of the SU{2)± subgroups of S0(4) are defined to be 

J& = 2^6/37 "^(1+6) (7+6) ' ^& = 2^m^0+6){^+6) ± '^'(«+6)10 (27) 

The SU{2)± group elements are exp{ico± ■ J ). The vector 4-plet of S0(4) is a bi-doublet 
(2, 2) w.r.t. to SU{2)_ (g) SU{2)+. We denote the indices of the doublet oiSU{2)L = SU{2)_ 
{SU{2)]i = SU{2)^) by undotted early greek indices a, P — 1,2 (dotted early greek indices 
a, $ — i, 2). Then one has 

V^,.K,^(M).v',,n-V',= (Msl^V',, (28) 

V, = H. = = -V,, . - v„ = vs. = fii^ = (29) 

SU {2) l{SU {2) r) indices are raised and lowered with e'^^,€ai3 {^°'^,^ap) with e^'^ — +621 — 1 
etc. The S0(4) vector index contraction translates as 

VaWa = -VaaWp^e^f'e^^ = -l^""M^ad (30) 

while v^wi = (31) 

Antisymmetric Selfdual/triplet : Separating the 2 index antisymmmetric tensor A^^ 
into self-dual and anti-self-dual parts of unit norm 

4f = ;^(^^./5±4^) (32) 

One finds A-{A+) is (3, !)((!, 3)) w.r.t. SU(2)l x SU{2)r. In fact these triplets are just 

= 2*^"/37"^(/3|6)(7+6) (33) 

Defining = iAi"^((7")„^ = • (^)a^ , A J = iA^+V°)a'^ = • (^)cf > where a" are 
the Pauh matrices, one has 

^ 4d53/3 ^ ^"/^^c./^ = ^a/3^^d (34) 

^ "^id/J/j = ^a/3^a/3 = Cd/j^/^a (35) 

Where the index pairs aa correspond to the complex indices a as given in (29) above. Then 
one has for the contraction of two antisymmetric tensors 

1 

^2(Al-Bl + Ar-Br) (37) 
Similarly one gets the useful identity 

^B^C^ - • (^^"^ X C^^') (38) 



A,0B,, = ^{A^B^+A^B^) (36) 
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Symmetric Traceless(9)/Bitriplet(3,3) : The two index symmetric traceless tensor 

5"-^ of S0(4) which has dimension 9 becomes the (3,3) w.r.t SU(2)l x SU(2)j^ (symmetry 
foUows from tracelessness) : 

so that e.g. 

= (40) 

and are normahzed as 
SQ(10) Tensors D-Parity 

The above treatmcnt covcrs thc thc S0(6) and S0(4) tensor representations encountered in 
deahng with SO(IO) representations upto dimension 210. The procedure for the decompo- 
sition of SO(IO) tensor invariants is now clear. Sphtting the summation over each SO(IO) 
index i,j= 1,..10 into summation over S0{6), S0{4:) indices {a, a), one replaces each S0(6) 
(S0(4)) index by SU{4:){SU{2)l x SU{2)ji) index pair contraetions according to the basic 
rules (5) and (31) and uses (9) (20) (21) (24) and (32) (34) (35) ete. to tranlate to PS labelled 
fields and invariants. 

An important and useful feature of the decomposition is that it permits the transparent 
implementation of the Discrete symmetry called D-Parity [13,14] defined as 

D = exp{—i7i J23)exp{in Jqj) (42) 

On vectors this corresponds to rotations through vr in the (23) and (67) planes. Thus 
components(V2, V3, Vq, V7) of Vi change sign and the rest do not. In PS language this becomes 

V,, ^ i-r+'^+'W'' , K^^-Kii (43) 

While V12, remain unchanged. If we denote 1 = 2 and 2 = 1 for dotted and undotted 
indices then these rules are just V^^ ^ V^^. 

For the self-dual multiplets of S0(4) one finds that under D parity 

vl^^^vl^^ ; vjp^-v^p (44) 

I.e V^^^ ^ Then it follows that Al- Bl^ Ar- B r. 

The adjoint A^,^ derived from the antisymmetric 15 has D-parity property 

^/ ^ {-Y^^'-^^A^^ (45) 

On the other hand an adjoint derived from a 4 index antisymmetric representation via 

^ab = -^^^abcdef^cdef (46) 

as occurs, for example, for (15,1,1) C 210 and (15,2,2) C 126, 126, wiU contain an extra 
minus factor relative to (15,1,1) C 45. (pj^ {—)^^'^(pf^ i.e. it is D-axial. 
While the SU (4) symmetric 10-plets from the S0(6) (anti) self-dual 3 index antisymmetric 
transform as 

t;. ^ r'^(-)^+-+i (47) 
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III. SO(IO) TENSOR gUADRATIC & CUBIC INVARIANTS 

Using our rules we present examples of decompositions of SO(IO) invariants to illustrate 
the application of our method. As noted above, however, the reader may find the generative 
rules coUected in the Appendix more convenient and complete in practice. 
45-45 

A5{A,) = (15, 1, l)Aah + ((1, 3, 1)4"^) © (1, 1, 3)4^)) + (6, 2, 2)A„,, (48) 
= -2/1,^5/ - A%,B^\^ + 2{Al.Bl + Ar.Br) (49) 



54-54 



54(5,,) = (20, 1, 1, )Sab + (1, 3, 3)^-^ + (6, 2, 2)Saa + (1, 1, 1)^ (50) 

SijRij = SabRab + ^apR-aP ~^ 2SaaRaa + 2S.R (^l) 

= ^S'^^'^'^R^^^M + S'^f'^^R^p^^p - S^-'^'^R^,,^^ + 2S.R (52) 



where Sab ^ Sab - ]J j^^abS (53) 
Se^p = + ^S^^S (54) 
S = J^Saa (55) 



54 - 54 - 54 



1 



/ 1 



120 



^-{SR-P'^f^f^p,^^ + Rf-^'^^S^p^^p + TS^p,^^R^p,^^} (56) 
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(45)^ • 54 



40 ^Mi^,aa 2'-^ 0'0c^iJ.u,/3P 



+ J-S{Al.Al + ^.^) - 2^"^^"'^^^,,^^ (57) 



126 ■ 126 



• ^T'"^ + • ^i-n (58) 

Here E(+)(126)(E*^")(126)) is the self-dual (antiself-dual) 5 index totally antisymmetric 
representation and the dual is defined as (note the minus sign) 

S,,.,, = -^Q,..,,„E,,...i,„; eW = ±eW (59) 

The SO(IO) duahty imphes a correlation between the S0(6) and S0(4) duahties of the SU(4) 
decuplet SU(2)l x SU(2)j^ triplets : 

+ = (-,+)©(+,-) , - = (+,+)©(-,-) (60) 

Where (— , +) refers to (10, 1, 3) and (+, — ) to (10, 3, 1). So that, for example, E+ has the 
decomposition 

E+(126) = E(+)^^ . (15, 2, 2) + S^t^ JlO, 3, 1) 

+ SS+)'^^(T0,1,3) + SW(6,1,1) (61) 



While the S (126) has the conjugate expansion. 
45 • 126 ■ 126 : An cxample of the non trivial action of D parity is given by the terms 

containing the (15,1,1) in the invariant 45 • 126 • 126. 

V(-) A v y^(+)o-/i , y;(+) X v y^(-)o-M 

+ A^ i^t^->^T.^+) (62) 
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Note the relative minus sign in the (15, 1, 1)^(15, 2, 2)±(15, 2, 2)^ 

and ((10,3±)(T0,3±)(15, 1, 1)a) terms due to the property a^i" (-)''+'^+ia/. The terms 
containing A-^ are given by 

- iA^^^l-^^^l^\^ + A-^J:i-\ ^SW^^^)} (63) 
The invariance under D parity of both terms follows from the rules (43,44) which imply 

Ar ■ {Br X Cr) ^ Al ■ {Bl x Cl) (64) 



IV. SPINOR REPRESENTATIONS 

A. Generalities of SO(2N) Spinors 

In the Wilzcek and Zee [27] notation the 7 matrices of the Chfford algebra of S0(2N), ji^^^ 
are defined iteratively as direct products of Pauli matrices. 

7^+1) = Tg, n = 1 N - 1 (65) 

l(2n+l) = 1 ® ^1 (66) 

ll2nll) = 1 ® ^2 (67) 

starting with 7^^^ = ti , 72^'' = T2. One also defines 

27V N 

7^ = i-if n 7f ^ = (^3). = tST^ ® 7f m = 1, ...TV - 1 (68) 
1=1 1=1 

so that 7|, = 1 , 7i77j = — 7i7F- The generators of S0(2N) in the spinor representation are 
defined as {i ^ j) 

Jij--^--lh,l^ (69) 

A crucial point (whcrc wc disagree with cquation (A19) of [27]) is the form of the charge 
conjugation matrix C. Equation A(19) of [27] appears to contradict equation A(ll) of the 

same paper since ((— )" 7^ (— ) 2 in general). 
Recall that '4''^Cx is a S0(2N) singlet when 

aJC = -C<7,, (70) 

Two obvious possible (real) choices for C are 

n n 

c}"^-n72,+i , cf)=rn72, (71) 
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then = , = (72) 

7f C: = (-)"-^Ci7. , 7f = {-rC2l^ (73) 
and both obey C^p — {—)"'JfC. Their explicit forms are easily obtained from 

Cf)=Ti , Ci'^^iT2 (74) 

Ci") = n X C|"-') (75) 
) = iT2 X Ci"-') (76) 

In particular C2^"^~^^^ — ir2 X 0^i(ti x iT2)i is clearly very different from eqn. A(19) of [27] 
which reads 

C = iT2 X iT2 X iT2 X ■ ■ ■ (77) 

and thus our charge conjugation matrices obey their eqn. A(ll) (our eqn(72)) while (77) 
does not. 

On chiral spinor irreps (projected using (^^^)) Ci and C2 are essentially equivalent. We 

shall define the S0(2N) charge conjugation matrix to be C2^\ The Chfford algebra of 
S0(2N) acts on a 2^ dimensional space which is given the convenient basis of eigenvectors 
|e = ±1 > of T3: 

|ei, Cn > = |ei > ® ® |e„ > (78) 

In this basis = Y[i=i^i- So the basis spinors of S0(2N) decompose into odd and even 
subspaces w. r. t. •jp- 

T = T-^ + TJ^ (79) 
The S0(2N) dual of an N index object is 

The identity 

( ')^{ ) 

(81) 

is also frequently needed. 

B. SO(6) Spinors 

The 4('0^) and 4('0'*) of SU (4) may be consistently identified with the 4_, 4+ chiral spinor 
multiplets of S0(6) by identifying components ip^ of the 4 with the coefhcients of the states 
\^i^2^3 >- in 4_ = \ip >_ as 
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IV» >-= -011 - ++ > + -021 H h > + -031 + +- > + -041 > (82) 

and also '0'^ in the 4+ = |'0 >+ as 

\^ >+= -^^\ + — > + V'^l - +- > - V'^l - -+ > + V'l + ++ > (83) 

The reason for the extra minus signs is that then the charge conjugation matrix C 2 correctly 
combines the 4,4 components in the 2^-plet spinors of S0(6) to make SU(4) singlets and 
covariants . For example (we take ■0, x be non-chiral 8 = 4+ + 4_ spinors to preserve 
generahty) 

Vcfh = rx^. + i^.r (84) 



while 



= r,x, + (85) 

Dt,c = ^V'JC27[a767c]XT = ±D^bc (86) 

i.e (4_ X 4_),eif-duai ^ 10 of SU(4) (87) 
(4+ X A+)anti.s.d ^ TO o/ SU{4:) (88) 

Which is consistent with the identification 4_ ~ 4, 4+ ~ 4 and the multiphcation rules in 
SU(4). Transforming to the basis in which the components of the spinor 8 = 4_ + 4+ are 
precisely the 4 + 4 i.e. ('0^, one finds that in that basis 

^ = AntiDiagih, h) , cf^ = AntiDiag{h, -h) (89) 

{r {h 

r 1 _ {}a / O V2e^uxa\ 
^^'-'^^ - {V [-V2Sf,S:^ O ) 

In this basis one has in the 8 dimensional spinor rep. of S0(6) 

exp{ — - — ) = Dtag{exp{ ^ ),exp{ )) 

when the parameters are related as in eqn(10). One finds the foUowing useful identities 
hold 



ilj'^C'i^l^,^l\alesX = iV2f{iPu,^u]\a[eXs] + '^P'^X^'^io^,ule^6]pXa} 

The resuhs when ^ ip"^ are obtaincd by the rcplaccmcnts -0^ ip^* and -0^ 

■0* on the R.H.S of all the identities in (90). The square root factors arise because the 
antisymmetric pair labels for the gamma matrices correspond to complex indices d, b. Note 
that due to (81) one does not need the identities for more than 3 gamma matrices. See 
the appendix for useful translations of S0(6) spinor-tensor invariants calculable from these 
identities . 
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c. s o (4) Spinors 

In the case of S0(4) the spinor representation is 4 dimensional and splits into 2+ © 2_. 
It is not hard to see that with the definitions adopted for the generators of SU{2)± the 
chiral spinors 2± may be identified with the doublets '^o^'^a of SU{2)_ — SU{2)l and 
SU{2)+ = SU{2)r as 

|2 >_= 1^ >_= + - > + ^2| - + >, |2 >+= 1^ >+= + + > - ^2! - - > (91) 

As in the S0(6) case one transforms to the unitary basis where 4 = 2+ ® 2_ has components 
{4>a-i4'a)- Then in that basis 



(93) 



The foUowing expressions for spinor covariants then foUow 

V''^C'?^7adX = \/2(V'aXa " '0aXa) 

^'^C'f ^7adX = V^('0dXa +-^cXa) 
i'^Cf'^laalppX = 2e^^VaX/3 " 2eo;3^dX/3 
VC?haa'y/3$X = -2e^^V'aX/3 " 2ea/3'0dX/3 

Furthermore 

^^X = ^dXd + CXa 
V'WadX = - V2(V'"*Xd + V'°*Xa) (94) 
^haalppX = 2e^^V"*X/3 + 2ea;3V''^*X/3 

(2) 

Note that these can be obtained from the corresponding identities involving by the 
replacements ip'^ ^ —>■ or from the C2 identities by ip'^ ^ —>■ —ipa- 



D. SO(IO) Spinors 

The spinor representation of SO(IO) is 2^ dimensional and sphts into chiral eigenstates 
with 7^ = ±1 as 

2^ = 2^ + 2i = 16+ + 16_ (95) 
16 = 16+ = (4+, 2+) + (4_, 2_) = (4, 1, 2) + (4, 2, 1) (96) 
16 = 16_ = (4+, 2_) + (4_, 2+) = (4, 2, 1) + (4, 1, 2) (97) 

Where the first equality follows from eqn(68) and second from the S0(6) to SU (4) and 
S0(4) to SU{2)l X SU{2)r translations: 4_ = 4, 2+ = 2r,2_ = 2l. Thus wc scc that the 
SU (4) and SU(2)l x SU {2) r properties of the submultiplets within the 16, 16 are strictly 
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correlated. Use of the S0(6) and S0(4) spinor covariant identities allows fast construction 
of SO(IO) spinor invariants. For example , 

^^C^lth = ViCi'^ X C?W^J X ra x rs)x = ^FiCf^l^ x )x (98) 

Next one uses the identities (90,93) in parallel , keeping in mind that in the 16-plet the 
dotted (SU(2)j^) spinors are always 4-plets of SU(4) and the undotted ones are 4-plets and 
vice versa for 16 . When ip, x are both 16-plets one immediately reads off the result 

i^^Cf^fh = ^{i^[,Xu]a + i^^"xWuXa) (99) 
D parity on spinors : D parity acts on the spinors of SO(IO) as 

Ds^nar = e^-'^ '^^^ e^'^ '^''^ = -72737677 
3 

= (0 *^2) X {iT2 X I2) = L>(') X L>(2) (100) 

i=l 

Thus the action of D factorizes. Under D^^^ one interchanges spinors of opposite chirahty 
as : 

r ^ (-)'^+Vm (101) 



^ {-TV (102) 

Similarly for D^'^^ — iT2 x 1, one finds interchange 

^ V'S, ^l^a ^ -^a V'" ^ +r (103) 

Where by a we mean 1 = 2,2 = 1. This imphes the contraction of spinors ■0a)Xd with a 
bidoublet Vaa — Va tranforms as 

^"^V'a^/j ^ -V~^^i^t.X-p (104) 
Similarly with SU (2) ^ (SU (2) j^) vectors one gets 

^(">aX/3 -yt+)^^X-p (105) 

While ^ -V^"Xd (106) 

Vx>. ^ -i'.r (107) 

These rules are consistent with the action of D-parity on PS subreps SO(IO) tensors de- 
rived earlier . Indeed one rccovers them when one defines such tensors via bilinear covariants 
formed f r om SO(IO) spinors. 

SO(IO) Spinor- Tensor Invairiants 

We next give the explicit decomposition of quadratic and cubic SO(IO) invariants involving 
a pair (16, 16 or 16, 16 ) of SO(IO) spinors contracted with (the conjugate of) one of the 
tensors in their Kronecker product decomposition : 
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16® 16 = 10 ©120 © 126 (108) 
16®T6 = 1©45©210 (109) 

Besides use of the spinor identities (90,93) the remainder of the task is merely to decompose 
the SO(IO) index contractions into PS irrep. index contractions , take account of self-duality 
where relevant and maintain unit reference norm. 

16 16 10 : The 10-plet has decomposition: Hi{10) = //„(6, 1, 1) + //«(1, 2, 2) and one 
gets 

Notc how D parity is maintained by the interplay between the S0(6) and S0(4) sectors. 
16 - 16 - 120 : Since 

O,,fc(120) = 0,6,(10 + m 1, 1) + 0,5a(15, 2, 2) + 0„-^((6, 1, 3) + (6, 3, 1)) + 0-^-(l, 2, 2) 
= O«(10, 1,1) + Ol^(10, 1,1) + O,, >(15, 2, 2) 

+ 0("j.^(6, 1, 3) + 0(t)^^(6, 3, 1) + 0«^(1, 2, 2) (111) 

(where we have used the supcrscripts to discriminate the symmetric 10-plet from the 
antisymmetric 6-plet). Then one gets 

-2V20/"°(CX^„-^^,X-) 

-2(0(fV^X^ + 0f:;V,«X.^) 

+ V20"^(+V'^X^„-V'^aX^) (112) 

Note O"'"' is derived from Oa — ~^,'^ap'yS^i3^s ^""^ opposite D parity to a vector V^. 

16 ■ 16 126 

126 = (6, 1, 1) + E,'^,J15, 2, 2) + S^,,<,4(10, 1, 3) + T\p{W, 3, 1) (113) 

^^^c^f 7n 7.5xs,,..,3 = 2v^(f;>;x.a - s;:jv;^"x-) 

+ 4V2Er^CXaM + ^MaXd) 

+ 4(S;ffe^ + E'^^'"'^V'.aX./3) (114) 

Here (S^*^^) ^ (— )^+'^S(-^-), S^'^ ^ (^)^+''Sj,^ have reversed D parity due to the duahzation 
involved in their definition. We say a representation is D-Axial if due to duahzation it has an 
extra minus sign in its D transformation relative to that expected from its tensor structure. 
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16 16 



16(V^) = (4,2,1)^^« + (4,1,2)C 
16(x) = (4,2,l)x(i+(4,l,2)x^« 



(115) 
(116) 



16 16 45 



45 = yl/(15, 1, 1) + V,ad(6, 2, 2) + A^fsil, 3, 1) + A^.(l, 1, 3) 



(117) 



(118) 



16 16 210: 



(119) 



210 = $/(15, 1, 1) + $^.,,„(10, 2, 2) + $^^^„^(10, 2, 2) 
+ ^^'^^(IS, 3, 1) + $A.(15, 1, 3) + $(1, 1, 1) 



(120) 



+ 2x/2{$/'"^V'.aXj - <^s'^'il'ix,^} 

+ 2{$'^'^'°<^V'MaX.d + ^.."""ma} 

$ are both D-Axial, while 
Note that to obtain the results when 16* is used instead of 16 one need only replace 

r"-x;„, xm^-(x:^)* (123) 

because €2^^ = C2^^ x C[^^ (see the remarks following eqns(90,94). When calculating quartic 
invariants formed by contractions of SO(IO) tensor covariants made from 16, 16 multiplets 
(which often arise in model building with non renormalizable superpotentials [7]) one need 
only apply the identities (90,93) after decomposing the SO(IO) vector indices while treating 
one of the covariants as an operator with appropriate PS indices. 
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v. ILLUSTRATIVE APPLICATIONS 



In this section we give some examples of the use of our methods for typical tasks that 
arise when studying GUTs. The first illustration is a the translation of the SO(IO) covariant 
derivative to PS labels. The second is an an exphcit calculation of the bare effective potential 
for Baryon Dccay in the "minimal Susy GUT " [25] which is of direct phenomenological 

intcrcst and constitutcs the main physical result of this paper. 

The translation of the SO(IO) covariant derivatives may be seen from e. g. 

+ f (C^^'^TV'Ma + r.o.A,Lr a) (124) 

We see that Pati-Salam coupling constants emerge as gA = 92 = duV^- The GUT gener- 
ators T"^, Tr, Tl are each normahzed to 2 on the 16-plet and havc V^g^ as their associated 
coupling. In the vector representation covariant derivative behaves as 

+ ^^«V2F„d(#L • {^)a%^ + Wn ■ (|)/V;^) (125) 

This can easily be adapted to decompose the kinetic terms of any of the tensor representa- 
tions. 



A. Baryon Decay 

We further illustrate the application and utility of our methods by calculating two im- 
portant mass matriccs in the minimal Supersymmetric SO(IO) GUT ( [2], [3] [23-25]). A 
part, but not aU, of these matrices was available earher using the results of [24] on CG 
coefficients involving singlet subreps of SO(IO). However our methods also aUow calcula- 
tions of CG coefficients that are not of the restricted class studied in [23,24]. The chiral 
supermultiplets of the model consist of a 210- plet ^ijki responsible for breaking SO(IO) 
down to G3211 = SU(3)c x SU(2)l x U(1)j^ x U(1)b_l. A T26(S) , 126(E) pair is required 
to be present together to break U{1)r x U{1)b~l U{1)y while preserving Susy and is 
capable of generating realistic neutrino masses and mixings via the type 1 or type 11 seesaw 
mechanisms [10,11]. Moreover the SU(2) doublets in the 126+126 can also participate in the 
electroweak symmetry breaking. Finally there is a 10-plet containing SU(2)i doublets and 
SU(3) triplets and 3 families of matter contained in 16-plets. The complete superpotential 
of this model is given by : 
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m X M — 

W — 2(4!^ ^ijkl^ijkl + -^^^ijkl^klmn^mnij + -^^-^'^ijklm'^ijklm 

r) — 1 _— 

~l~ '^^^ijki^ijmno^klmno ~l~ ^-^^i^jWm(T^jjfeim ~l~ ^^ijklm) 

+ ^Hf + h'^^B^AC^^ii^BH, + l^^l:lcli^^,,...^i,^l:B%,...i, (126) 
The GUT scale vevs that break the gauge symmetry down to the SM symmetry are [2,3]: 



• 1 



((15, 1, l))2io : {(Pahcd) = -(^abcdef(^ef (127) 



where [eg/] = Diag(e2, €2, 62), 62 = ir2. Defining 



<f>ab = -^^^abcde}<t>cde} (128) 



We have in SU(4) notation [(t)J'\ for the (15,1,1) and 



ii) 



which translates to 



iii) 



iv) 



C)] = y^^«^(/3,-3) = ^ (129) 



((15, l,3))2io : {'Pabap) = ^^abe^-p (130) 



((^ID) = ^ ^{i^T^o) (131) 



((l,l,l))2io : {(pap-rs) = P^ap-rS (132) 



((10, 1,3)),26 : (Si3586) = ^ = -^(S14(V)) = ^ 



v) 



V2 



(133) 



v 44 

((TO, 1, 3))i26 : (^24679) = ^ = ^(s!T) = ^ (134) 
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Under the SM gauge group 6*231 the 10 plet decomposes as 

10 = Ha{2, 1, 1) + H^{2, 1, -1) + t^fl\l, 3, ^) + tf,^ (1, 3, ^) (135) 

which are the doublets and triplets familiar from SU(5) unification. In the case of SO(IO) 
there are many other types of G321 multiplets beyond the ones encountered in the SU(5) case 
but we focus here only on the multiplets that can mix with the components of the 10-plet 
i. e. those that transform as H, H, t or t. The doublet (2, 1, ±1) sector in fact consists of 4 
pairs of doublets which are 

_ $44i 
h'^'> = H^, , /^L^) = , hf = E„i , /.(f) = (136) 

where T,aa, T^aa refer to the B-L singlet inside the (15,2,2) submultiplets of the 126,126 and 
comes from the (10, 2, 2) C 210. Similarly one has 

h'^' - , W' - , - , - ^ (137) 
On the other hand, there are 5 pairs of triplets t(l, 3, -|), t(l, 3, f) that mix : 

/1) _ TT 4(2) _ v(") ^(3) _ y.(a) ,(4) _ ff^^K (5) _ /(g(i^)4^ 



^fl) — ^^'^ ' ^f2) — ^fo) ' ^fs) — ^la) ' ^li) — (^(R))o ) ^fs) — i^I(R+)) (139) 

Here j(2)(3) ^^^^ (6,1,1) content of the T26 and 126 while t^'^\f'^' come from 

(10, 1, 3)j26 ^-nd (10, 1, 3)i26- Finally ^(5) and t(5) come from (15, 1, 3)210- 
The GUT scale vevs described above give risc to mass matriccs dependent only on the 7 
parameters m, M, M//, A, r/, 7, 7. A fine tuning is then required to keep one pair of doublets 
light while all the other Higgs are superheavy. The feasibility of this fine tuning and the 
determination of the mixtures that stay light requires explicit calculation of these mass 
matrices. Our method allows straightforward and unambiguous calculation of these mass 
matrices (as well as all other submultiplct Clebsches ). 

The /i, h mass matrix can bc rcad off from the bilincar terms in the superpotcntial which 
have the structure mijh^^'"'h^^\ For example the 14 elcmcnt involvcs H ^2 C i/^and ^ C 
(10, 2, 2) ~ ^ibcd receive a contribution only from the term 7(a)$if in W .i. e. from 

= -^7i^"i$^^V = -jf^)h^,)a (140) 



In this way, by a routine use of the translation identities given in the text and in the 
appendix, one obtains the required " Clebsch-Gordon" coefficients without any ambiguity 
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v 



\ 



-Mh 
— 7\/3(c<; + a) 
7\/3(ti; — a) 

—(77 



+7v^(a; - a) 
O 

-{M + Ari{a - uj)) 



— 7\/3(cj + a) — 7(j \ 

-(M + 4ry(a + a;)) O 

O -2r/av/3 

O —m + 6A(a; — a) j 



;i4i) 



The elcment 43 and 24 are zero since they involve SU (4) contributions $(+)E(E^^^'') and 
$(~)E(E(~+)) between two 10-plets or two 10-plets which vanish. 



In a similar way one can calculate the triplet mass matrix 



T 



/ M}i 7(a+p) 7(p — o) 2\/2iuj^ 
7(p-a) O M O 

7(p + a) M O 4\/2ia;ry 

-2\/2ia;7 -A\/2iujr] O M + 2r)p + 2r)a 
\ ia^ 2irja O 2\f2r\a 



O 

2i?7a 

-2\f2rp 
-m - 2A(a + p - 4a;) / 



(142) 



These mass matrices are crucial to the phenomenological imphcations of this modeL The 
fine tuning condition required to retain one pair of hght doublets in the effective theory is 
simply deW — O . The couphngs of these hght doublets to matter are then specified in terms 

of the /i'-^'*, hS^^ ^ h^'^^ content of the hght cigenstates of the doublet mass matrices since 
only the doublets coming from the 10 and 126 couple to light matter fermions contained in 
the 16. Furthermore the bare effective superpotential relevant to baryon decay can be easily 
calculated in terms of <S = by using eqns.(110),(114) and the Standard PS embedding 



(4, 2,1) = (g,,, L,,) 



with 



Q 



1) - : 



(4,1,2) = (Q,,L„) 



One obtains 



^eff 



Labcd(-^^QaQbQcLd) + RABCoi^eAUBUcdD) 



where the coeffcients are 

L ABC D — SlhABhcD + SlfABhcD + SlfABhcD + SIJabIcD 

and 

Rabcd — Labcd — iV2SifABhcD — 'iV2S2fABfcD 



here 



hAB = 2y/2h'^B Jab = 4\/2/^ 



AB 



(143) 



(144) 



(145) 



(146) 



(147) 



(148) 



We note that this expression and the "Clebsches" contained in it , as well as the new 
baryon decay "channel" mediated by the triplets contained in Si26(10, 1, 3) (i.e t'^^^ ), ( the 
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same PS multiplet that contains the Higgs field responsible for the right handcd neutrino 
Majorana mass) havc not, to our knowledge, appeared previously in the literaturc. Previous 
work [30] on S126 mediated decay focussed only on the multiplets t^'^\i^'^^ and found that 
there was no contribution of t^^\t^'^^ in their models. This new channel nominally strengthens 
the emergent hnk between neutrino mass and baryon decay. Note however that t^^^ couples 
only to the RR combinations {(Iat^b + &aUb) and as such its exchange will contribute only 
to the RRRR channel which , at least in SO(IO), seems [30] generically suppresscd cxccpt 
at very large tanj3. However the mixing in the triplet mass matrix could also strengthen 
the effects of this channel. Prom this expression together with Information on the 10, 126 
content of the light doublets, the baryon decay rates can be calulated foUowing a by now 
Standard proceedure [33]. The couplings Hab, fAB are tightly constrained [31] by the fit of 
fermion masses . Thus the the number of free parameters is relatively low and this will allow 
a fairly restrictive estimate of these processes in this model. Details will be given elsewhere 



VI. DISCUSSION 

In this paper we have carried out the tedious calculations required to provide a tool 
kit for ready translation of any SO(IO) invariant one is likcly to encounter in the course of 
SO(IO) GUT model building into a convenient form where the ficlds carry unitary group 
labels. This allows calculation of all "Clebsch-Gordon" coefficients relevant to SO(IO) GUT 
models : including many which were as yet unavailable in the literature. In addition we 
have obtained a very exphcit description of the action of D parity on all fields. This allows 
one to follow the operation of D-parity, which implements Left-Right symmetry i. e. parity, 
in such theories. This translation is necessary in order to carry out RG analysis based on 
calculated mass spectra and will also be useful to obtain more accurate estimates of threshold 
uncertainties. 

We used the previously unavailable "Clebsches" to calculate the Mass matrices of the 
doublets and triplets that mix with with thosc containcd in the 10, 126 multiplets. We 
also calculated the clebsches for the couplings of the doublets and triplets containcd in the 
10, 126 to light matter supermultiplets containcd in the spinorial 16. These allowed us to 
obtain the crucial bare effective superpotential for Baryon number violation in this "minimal 
Supersymmetric GUT" which was proposed as long back as 1982 [2,3] but for which these 
quantities were hitherto unavailable. Indeed, some very recently published expressions [34], 
are erroneous not only in the values of numerical coeffcients but even in the channels (they 
have an anti-triplet from (10, 1,3) G 126 coupling to QL : but 16 x 16 = 126 +... , implics 
that 126 contains (10, 1, 3) not (10, 1, 3) !!). In view of the topicality and phenomenological 
success of such GUTs [31] along with the tight experimental constraints on most of its 
(non-soft) parameters these results may prove of general interest in the GUT community. 

Furthermore since our method reduces all the difficulties of reducing Spin(lO) invariants 
to a Standard manipulation of Unitary group labels it may find appeal to those who would 
like to eschew the use of a computer to calculate the coupling coeffcients ( where that 
is even feasible !). A systematic study of related theories along the lines of the program 
outlined in [25,29] using the tools developed here will be presented elsewhere. We hope that 
our techniques and results will be found useful by other practitioners of the unwieldy and 
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- so far - somcwhat obscurc art of SO(IO) GUT building, even if only due to the simple 
minded and (perhaps) objcctionably explicit approach we have takcn to the analysis of 
this niggling group theoretical problem. Our rules may also be applied in other contexts 
where one encounters these groups for example in 10 dimensional field theories where the 
Lorentz group is S0(l,9) and a translation to SU(4) labels instead of S0(6) labels for the 
compactified sector may prove more convenicnt, spccially for spinorial indices. 
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APPENDIX 

In this section we have coUected useful SO{6) ^ SU (A), ,50(4) ^ SU (2) x SU (2) 
identities for the convenience of the reader while translating invariants of his choice using 
our methods. 

A. SO(6) 

Two vectors : 

VaWa = ^V^-'W^, V'^" = ^e'^'^'^V^a (A.l) 

The "raised" versions of eqn. (9), (22), (23) are 

^^uM = ^j^Jf^^'^]Xa0 (A.2) 

rj-\fiu,Xiy,9S ^fj.vylO ^S]Xaui rp 

(+) \ ' / 

Two index antisymmetric tensors : 

A^B^a = 2A/S/ (A.5) 
Two index traceless symmetric tensors 

SabRha — '^S'^"''^'^ R^vM (^-6) 

Three index antisymmetric tensors : 

T„,cUa,c = \{n,U-,, + = ^{T.JJ"'' + T'^U,^) (A.7) 

where T^^, T^^^^ are self-dual and anti-self-dual parts of Tabc- 
Mixed two index and three index antisymmetric tensors : 

KbT^cdUbcd = -4(A/T^,r') (A.8) 
<t>ai>AU;ae = ^^'Pu'T.^U"^ (A.9) 
eabcdefAa^T^U^f^ = 16z(A/r^,r') (A.IO) 
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Three two index antisymmetric tensors 



AMcCca = -tTA[B,C] (A. 11) 

We/^ab^cdCe/ = -8iir^{S, C} (A. 12) 



Three two index symmetric traceless tensors 

1 



SabRbcTca — ■^S^'^'''^" R^^^^Tes,^^ (A. 13) 
Two vectors and two index tensors : 

Antisymmetric YaW^Aah = V^^,W''^Ax^ (A. 14) 

Symmetric traceless K^^^ab = ^Vi'''W^''Sf,^,xa (A. 15) 

Vector with two index and three index antisymmetric tensors : 

KAcT„be = VaA,j2^^^^^^I^ = V2{-V'"' A,^T,x + V;..A/T^') (A.16) 

^abcdef AbcTdef — {i3\V2){W''A,%x + T^^.A/T'^^) (A.17) 
Two antisymmetric (A, B) and one symmetric traceless (S) two index tensor : 

AabSbcBca - ^A^J^lB'^ (A.18) 

For the product of a tensor with two antisymmetric indices and two tensors with two sym- 
metric indices : 

AabSbcRca = ^^IZ-^^^'^'^A.,^. (A. 19) 



B. SO(6) Invariants with Spinors 

For S0(6) sector C = Cf 



VciaxVa - ^{rrv,^^- i',xuvn (A.20) 

ij^C^albXVaWb = 2{ip>'xuV,xW''^ + i^^tV^^'W^u) (A.21) 

i,^C^albXAab = 4A/(-^^r + rXf.) (A.22) 

i^^Cja%lcXTabc = l2{T^"i',Xu - T^uVr) (A.23) 

i^^C^alblcXVaW,U, = 2V2{ij^xsV^''W,eU'' - VrV^^eW^sU'') (A.24) 

'4^^C^alblcXVaAbc = -2V2{rrV^x + 'il^^,XxVnK (A.25) 
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c. SO(4) 

Two vectors : 

VaWa = -V'^'^W^a (A.26) 

Two antisymmetric tcnsors : 

A^pB^P^2{Ar.Br + Al.Bl) , e-^-sA-^B-s^A{An.Bn-AL.BL) (A.27) 
Three antisymmetric tensors : 

= V2{Ar ■ {Br X Cr) + Al ■ {Bl x Cl)} (A.28) 
Two vectors and an antisymmetric tensor : 

V^W^A^^ = ^{V-'^wJa^^^ + V-^W^^A^!:}} (A.29) 

When the indices are contracted with the invariant tensor of S0(4) : 

^^-,,-^^"^-,^,1 = V2{V''''wJa^^^ - V-'^W^^Ai'^^} (A.30) 
Two traceless symmetric tensors : 

Se^^Ra^ = S'^'^''^Kp,a^ (A.31) 

Three symmetric tensors : 

Two vectors and a symmetric tensor : 

V^W^S^^ = V^^W^^^^^^ (A.33) 
Two antisymmetric and one symmetric tensor : 

^a^Bp^^loc = -^{^"r)^^^ + '^'{L)B{R)}^aP,a$ (A.34) 

One antisymmetric and two symmetric : 

4 -Q- R. - — '}_( 4(^)^1137 _i_ A(^)qlPi\naa /a Qc:^ 

D. SO(4) Invariants with Spinors 

For the S0(4) sector C = Cf^ 

lFC^aXVa = V^(V'aXd - V'dXa)l^"" (A.36) 

V'^C'7a7^xKW^^ = 2z^,X/?^"^W^f - 2i^^XpV''''wt (A.37) 

^^^1^(2) halpXA^p = -2V2{A"^VdX^ T A"^V'aX/3} (A.38) 
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